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Josephson weak links made of two-dimensional topological insulators (TIs) exhibit magnetic os-
cillations of the supercurrent that are reminiscent of those in superconducting quantum interference
devices (SQUIDs). We propose a microscopic theory of this effect that goes beyond the approaches
based on the standard SQUID theory. For long junctions we find a temperature-driven crossover
from Φ0-periodic SQUID-like oscillations to a 2Φ0-quasiperiodic interference pattern with different
peaks at even and odd values of the magnetic flux quantum Φ0 = ch/2e. This behavior is absent
in short junctions where the main interference signal occurs at zero magnetic field. Both types
of interference patterns reveal gapless (protected) Andreev bound states. We show, however, that
the usual sawtooth current-flux relationship is profoundly modified by a Doppler-like effect of the
shielding current which has been overlooked previously. Our findings may explain recently observed
even-odd interference patterns in InAs/GaSb-based TI Josephson junctions and uncover unexplored
operation regimes of nano-SQUIDs.
PACS numbers:
Introduction. In a two-dimensional topological insula-
tor (2D TI) electric current flows near the edges of the
system and is protected against elastic backscattering by
time-reversal symmetry. This has important implications
for both normal and superconducting transport in 2D
TIs [1, 2]. In very recent experiments [3, 4], 2D TIs have
been implemented as Josephson weak links between two
superconductors. Remarkably, such Josephson junctions
(JJs) act as nanoscale superconducting quantum inter-
ference devices (SQUIDs) in which a magnetic flux, Φ,
enclosed in the interior of the 2D TI controls the inter-
ference of the Josephson currents flowing at the opposite
edges of the sample (see also Fig. 1). The net supercur-
rent exhibits oscillations reminiscent of the SQUID pat-
tern ∝ | cos(πΦ/Φ0)| rather than the Fraunhofer pattern
observed in nontopological weak links.
In view of the advances in fabricating 2D TI JJs
and their application potential as topologically protected
nano-SQUIDs, there is an apparent need for theoreti-
cal understanding of quantum interference phenomena
in this type of JJs. This is the main motivation for
our study. One of the important questions is the fol-
lowing. The cosine-like SQUID pattern reflects the si-
nusoidal Josephson current-phase relation that can typ-
ically be attributed to the electronic states with ener-
gies close to or above the superconducting gap. How-
ever, the 2D TI JJs support also subgap Andreev bound
states (ABSs) which are immune to non-magnetic dis-
order (see, e.g., Refs. 5–9) and are highly anharmonic
(e.g., sawtooth-like) with respect to the Josephson phase
difference. One may therefore ask: How do such ABSs
manifest themselves in a TI SQUID? We believe that the
answer to that question may shed some light on the origin
of the unusual ”even-odd” interference patterns observed
in InAs/GaSb-based TI JJs [4].
To handle the problem we develop a nonperturbative
treatment of the magnetic field effect on edge supercon-
ductivity which goes beyond the standard SQUID the-
ory (see, e.g., Ref. 10) and more recent related studies
[11, 12]. The usual approach assumes that placing a JJ
in a magnetic field does not perturb the superconduct-
ing contacts. In this approximation, the supercurrent de-
pends only on the gauge-invariant Josephson phase differ-
ence determined by the flux Φ in the junction. While use-
ful for conventional metallic JJs [10], such a perturbative
treatment faces severe limitations in hybrid structures
where superconductivity is induced through the proxim-
ity effect and is suppressed already at a few millitesla
[3, 4, 13, 14]. Our theory lifts such limitations, show-
ing a richer behavior of the Josephson current. We point
out, in particular, the previously overlooked Doppler-like
effect caused by the shielding response of the contacts
to the applied magnetic field. This generic effect can be
used to tune the ABS levels and detect them through the
changes in the quantum interference patterns.
Model. We consider a JJ created by depositing two
s-wave superconducting (S) films on top of a 2D TI at a
distance L from each other (see Fig. 1). The width of the
2D TI, w, is assumed to be much larger than the total
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FIG. 1: (Color online) 2D TI with helical edge states between
two superconductors (Ss) in an out-of-plane magnetic field.
2width of the two edge states. Then, each superconduct-
ing edge can be described by the quasi-one-dimensional
Bogoliubov-de Gennes (BdG) Hamiltonian of the form
HBdG =
[
h(x) iσy∆(x)e
iϕ
0
(x)
−iσy∆(x)e
−iϕ
0
(x) −h∗(x)
]
,(1)
h(x) = vσx
(
−i~∂x +
p
S
2
)
+ U(x) − µ. (2)
Here h(x) is the Hamiltonian for a given edge in the nor-
mal state, σx and σy denote spin Pauli matrices, v and
µ are the edge velocity and Fermi energy, respectively.
The potential U(x) accounts for quasiparticle scattering
in the JJ. The off-diagonal entries in HBdG incorporate
a spin-singlet s-wave pair potential induced in the 2DTI
underneath the S contacts. We assume that the super-
conducting gap ∆(x) and order-parameter phase ϕ
0
(x)
vary across the JJ as
∆(x) =
{
0, |x| < L2 ,
∆, |x| ≥ L2 ,
ϕ
0
(x) =
{
−
φ
0
2 , x ≤ −
L
2 ,
+
φ
0
2 , x ≥ +
L
2 ,
(3)
where φ
0
denotes the Josephson phase difference between
the S regions in the absence of an external magnetic field.
The magnetic field induces a local gradient of the super-
conducting phase, resulting in a finite Cooper-pair (con-
densate) momentum along the edge, p
S
, [see Fig. 1 and
Eq. (2)]. Using the gauge A(y) = (−By, 0, 0), one can
relate p
S
to the vector potential at the edge [15]:
p
S
(B) = −
2e
c
Ax
(
±
w
2
)
= ± π~
Bw
Φ0
, (4)
where ± correspond to the upper (u) and lower (l) edges
in Fig. 1, respectively.
The Josephson currents for both upper and lower
edges, Ju,l, can be obtained from the well-known scat-
tering theory formula in the Matsubara representation
(see, e.g., Refs. 8, 16, 17)
Ju,l(φ0 , B) = −
2e
~
kBT
∂
∂φ
0
∞∑
n=0
lnD(φ
0
, B, ǫ)|ǫ=iωn , (5)
where ωn = (2n + 1)πkBT are the fermionic Matsubara
frequencies for temperature T (kB is the Boltzmann con-
stant), and D(φ
0
, B, ǫ) is the characteristic function of
energy ǫ whose zeros yield the energy spectrum of the
JJ. Eq. (5) assumes no constraints on the fermion par-
ity, which is for instance the case for JJs strongly coupled
to external reservoirs. In Ref. 15, we discuss how such
constraints may affect our results. To find D(φ
0
, B, ǫ)
explicitly, one should calculate the determinant of the
system of eigenvalue equations obtained by matching the
scattering states of HBdG at the boundaries x = ±L/2
and at the scattering region [16]. We have done this cal-
culation, taking into account the finite momentum p
S
and assuming µ≫ ∆, v|pS |. The result is
D(φ
0
, B, ǫ) =
(
1− α
<
α
>
ei
β<+ β>
2
)2
(6)
− T
(
α
<
ei
φ0+β<
2 − α
>
e−i
φ0−β>
2
)2
. (7)
Here we use the subscripts ≷ to indicate the quasiparticle
momentum direction – downstream (>) or upstream (<)
– with respect to the condensate flow. In particular, α
≷
are the amplitudes of Andreev reflection (AR) for the
down- and upstream moving quasiparticles:
α
≷
=
∆
ǫ
≷
+ i
√
∆2 − ǫ2
≷
, ǫ
≷
= ǫ∓
vp
S
2
, (8)
while β
≷
are the phase differences between particle and
hole acquired in the normal region for the down- and
upstream momentum directions:
β
≷
=
2ǫ
≷
L
~v
=
2ǫL
~v
∓ k
S
L, k
S
= p
S
/~. (9)
Importantly, α> 6= α< and β> 6= β< because the ener-
gies of the down- and upstream moving quasiparticles,
ǫ
≷
, acquire opposite-sign shifts ±vp
S
/2, a phenomenon
analogous to the Doppler effect. It is a qualitatively new
ingredient of the model, describing the coupling between
the quasiparticles and superconducting condensate. For
p
S
= 0, Eqs. (6) – (9) reproduce the corresponding re-
sults of Ref. 8. We note that the spin-momentum locking
of the edge states guaranties their perfect transmission
[T = 1 in Eq. (7)] for any potential U(x) preserving
time-reversal symmetry.
Inserting Eqs. (6) – (9) into Eq. (5), we arrive at the
following expressions for the Josephson currents at the
upper and lower edges:
Ju(φ0 , B) = −
2e
~
kBT i
∞∑
n=0
A2n(−B)e
iφ −A2n(B)e
−iφ
[1 + An(−B)An(B)]2 + [An(−B)eiφ/2 −An(B)e−iφ/2]2
, Jl(φ0 , B) = Ju(φ0 ,−B), (10)
where the Josephson phase difference, φ, includes the contribution of the external magnetic field,
φ = φ
0
+ kSL = φ0 + πΦ/Φ0, Φ = BLw, (11)
3proportional to the flux, Φ, piercing the area of the weak
link, Lw, while the coefficients An(B) absorb the AR am-
plitude together with the dynamical phase factor eiǫL/~v,
both taken at imaginary energy ǫ = iωn:
An(B) =
∆e−ωnL/~v
ωn +
i
2vpS (B) +
√
[ωn +
i
2vpS (B)]
2 +∆2
.(12)
The two edge currents differ only by the sign of the mo-
mentum pS [see Eq. (4)], which yields the second relation
in Eq. (10).
Eqs. (10) – (12) are our main results and merit a few
comments here. As we can see, an external magnetic
field has a two-fold effect. On the one hand, it generates
oscillations of the current with the flux due to the ex-
tra Josephson phase difference ±πΦ/Φ0 induced at the
upper (+) and lower (−) edges. Microscopically, this
comes from the magnetic-field contribution ∓k
S
L to the
electron phase in the weak link [see Eq. (9)] and is ex-
pected on the general basis of gauge invariance. We can
recast the total phase difference in the manifestly gauge-
invariant form φ =
∫
L/2
−L/2
[∂xϕ0(x) −
2e
c~Ax
(
±w2
)
]dx. On
the other hand, there is a shielding response of the S
contacts to the applied field, causing Doppler-shifted AR
with the reduced amplitude [see Eq. (12)] when
v|p
S
|/2 ≥ max(∆, πkBT ), (13)
or, explicitly,
B ≥ B
AR
=
2Φ0
πwξ∗
, ξ∗ = min
(
~v
∆
,
~v
πkBT
)
, (14)
where B
AR
is the characteristic field for the AR suppres-
sion. This field scale competes with BOSC = Φ0/πwL on
which the oscillations occur, violating the periodicity of
the currents Ju,l with the magnetic flux (field).
We wish to understand the interplay of the magnetic
oscillations and Doppler effect in the Josephson current-
field relationship which can be defined as
Jm(B) = |J(φ0,max, B)| , (15)
where J(φ
0
, B) = Ju(φ0 , B)+Jl(φ0 , B) is the net current,
and φ
0,max is locked to the maximum current at zero field
and given temperature, Jm(0) = |J(φ0,max, 0)|. For the
sinusoidal current-phase relationship (at πkBT ≫ ~v/L,
see below), Jm(B) is identical to the critical Josephson
current (c.f. Ref. 12). Generally, Eq. (15) is less re-
strictive than that for the critical current because φ
0,max
fixes only the amplitude of the oscillations, allowing for
a detailed analysis of their profile, which is important
from both theoretical and practical points of view. The
notion of the critical Josephson current is an approxima-
tion itself that does not rule out the description based
on Eq. (15). In Ref. 15, we prove that for our system
φ
0
is gauge invariant and, therefore, can be fixed inde-
pendently of the magnetic flux, i.e. Eq. (15) satisfies the
0
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FIG. 2: (Color online) Zero-field current-phase relation J(φ
0
)
for a long junction with parameters close to those in exper-
iments [4]: L = 600 nm, ∆ = 0.125 meV, and ~v = 10
meV·nm. Curves for T = 15, 40 and 500 mK represent
the low (pikBT ≪ ~v/L), intermediate (pikBT ∼ ~v/L) and
high (pikBT ≫ ~v/L) temperature regimes. The phases
φ
0,max ≈ 0.8pi, φ0,max ≈ 0.63 pi, and φ0,max ≈ 0.5 pi yield
the maximum current Jm in each case.
requirement of gauge invariance for the observables and
is a valid description. In the following, we discuss Jm(B)
for long and short Josephson junctions.
Long junction. It is a junction with the separation
between the S terminals, L, much larger than the super-
conducting coherence length, ξ = ~v/∆. In the absence
of the magnetic field, the junction current-phase relation
has the well-known sawtooth shape at low temperatures
πkBT ≪ ~v/L [18, 19], turning sinusoidal in the opposite
temperature limit πkBT ≫ ~v/L (see Fig. 2). For each
temperature we determine the phase difference φ
0,max
yielding the maximum current Jm and use that as an
input for calculating Jm(B) in Eq. (15).
Figure 3 shows the dependence Jm(B) expressed in
terms of the flux, Φ, using vp
S
/2 = ±(π~v/2L) (Φ/Φ0).
At elevated temperatures (see Fig. 3a), we find SQUID-
like oscillations due to the interference of two harmonic
edge currents (cf. Fig. 2). As already mentioned, the
current periodicity is broken by the superimposed reduc-
tion of the AR amplitude with increasing field. For the
same reason, the interference lobes decrease in magni-
tude when B approaches the characteristic field BAR (14)
which is considerably higher than B
OSC
= Φ0/πwL for
the chosen parameters. From Eqs. (10) and (15) with
πkBT ≫ ~v/L, we derive an analytical formula for the
SQUID-like current shown in Fig. 3a:
Jm(B) ≈
∣∣∣∣ 8ekBT~ ℜ
(
A20(B)e
−iπΦ/Φ0
) ∣∣∣∣ . (16)
Here ℜ means the real part and A0(B) is the zeroth-
order coefficient from Eq. (12). Eq. (16) accounts for the
magnetic-field dependence of A0(B) and is more general
than the standard SQUID result Jm(B) ∝ | cos(πΦ/Φ0) |.
The latter follows from Eq. (16) for B ≪ B
AR
.
With decreasing temperature, a 2Φ0-quasiperiodic in-
terference pattern emerges (see Figs. 3b and c). This
effect is most pronounced for πkBT ≪ ~v/L when the
current displays a series of alternating peaks with dif-
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FIG. 3: (Color online) Supercurrent Jm (15) versus magnetic
flux (panels a, b, and c) for a long junction with parameters
specified in the caption to Fig. 2. Panel d shows the current-
flux relations for the upper and lower edges separately to ex-
plain the even-odd interference pattern shown in panel c.
ferent heights and widths, as shown in Fig. 3c. With
field-independent AR (i.e. for B
AR
→ ∞) the alternat-
ing peaks would be centered exactly at the even and odd
values of the flux quantum. Such an even-odd pattern
reflects the contribution of the ABSs. Their energies can
be found from equation D(φ
0
, B, ǫ) = 0 (6) as
ǫ±k (φ0 , B) ≈
~v
2L
[
2πk ±
(
φ
0
+ π
Φ
Φ0
)
+ 2 arccos
∓vp
S
2∆
]
,
(17)
where k = 0,±1,±2... is an integer. This equation gener-
alizes the well-known result of Ref. 20 by taking into ac-
count the Doppler-shifted phases arccos(∓vpS/2∆) from
Andreev scattering off the moving condensate. For
weak fields vp
S
/2∆ = B/B
AR
≪ 1, the AR phases
arccos(∓vp
S
/2∆) ≈ π/2, and the ABSs are linear and
2Φ0-periodic in flux. With increasing B, the field depen-
dence of the AR phases distorts the sawtooth shape of
the ABSs, which explains why the initially 2Φ0-periodic
pattern breaks down at higher fields whereB & B
AR
[Fig.
3c]. Figure 3d shows that for each edge the current-flux
relation initially has the sawtooth profile. The two cur-
rents tend to cancel each other except for the narrow
regions near the current jumps (indicated by the shaded
areas) where both currents flow in the same direction. In
those regions Jm(B) reaches the highest peaks becoming
narrower with decreasing T due to the increasing sharp-
ness of the sawtooth pattern.
Short junction. For short junctions with L < ξ we pre-
dict a different type of quantum interference patterns. In
−2
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1
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FIG. 4: (Color online) Supercurrent Jm (15) versus magnetic
flux (panels a and b) for a short junction with L = 50 nm,
∆ = 0.125 meV, and ~v = 10 meV·nm. Panel c shows the
current-flux relations for the upper and lower edges separately
to explain the interference pattern shown in panel b.
this case, the current oscillations are suppressed, showing
no even-odd effect (see Fig. 4). This happens because
the behavior of the current is dominated by the magnetic-
field dependence of the Doppler-shifted AR. Indeed, with
decreasing junction length the field B
OSC
= Φ0/πwL be-
comes comparable or even larger than B
AR
. For the in-
terference pattern shown in Fig. 4a the fields BOSC and
B
AR
are of the same order, while Fig. 4b corresponds to
B
AR
< B
OSC
. In the latter case, AR is suppressed before
the side interference lobes develop. The single zero-field
peak in the low-T pattern is the direct consequence of
the fact that a short junction supports only a single pair
of ABSs below the gap.
Conclusions. We have studied the response of 2D TI
JJs to an external magnetic field beyond the usual ap-
proximation where the Josephson current is determined
only by the magnetic flux enclosed in the junction. In
addition to this flux dependence, we have identified an-
other magnetic-field effect that comes from the shielding
response of the contacts to the applied field and is char-
acterized by Doppler-shifted Andreev reflection. Using
such generalized approach, we have analyzed quantum
interference of the edge supercurrents in both long and
short JJs and identified the signatures of the topologi-
cal ABSs. Our findings may have implications for inter-
preting recent experiments [3, 4]. In particular, for Al-
contacted InAs/GaSb quantum wells in the TI regime
[21], Ref. 4 reported SQUID-like oscillations disappear-
ing at B ≈ 10 mT. This observation agrees with our
results shown in Fig. 3a and with the estimate B
AR
≈ 4
mT for the suppression field (14) for 3.9µm-wide JJs
used in the experiment. With decreasing temperature,
a crossover to the even-odd interference pattern was ob-
5served [4]. This behavior is consistent with our predic-
tions for the ABS contribution in a 600 nm-long junction
with ∆ = 0.125 meV and ~v = 10 meV·nm [21] for tem-
peratures T = 40 and 15 mK [see Figs. 3b and c]. We
also note that the measurement temperatures in Ref. 4
correspond to a favorable regime for resolving individual
ABSs because the resulting thermal smearing is smaller
than the estimated level spacing ~v/L ∼ 0.05 meV.
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Magnetostatics, symmetries, and gauge-invariant
treatment of the system
In this subsection, we discuss basic magnetostatic
properties of the JJs considered in the main text. Us-
ing the symmetries of the magnetostatic problem, we de-
termine the gauge-invariant Josephson phase difference
under rather general assumptions about the screening
properties of the system. We prove, in particular, the
gauge invariance of the phase difference φ
0
[Eq. (11)
of main text], which guaranties that the current Jm(B)
[Eq. (15) of main text] satisfies the requirement of gauge
invariance for the observables.
Let us discuss first general properties of the supercon-
ducting (S) leads in the presence of an external mag-
netic field B = [0, 0, B] (see also Fig. S1). We consider
semi-infinite leads and introduce the notation B(x, y) =
[0, 0,B(x, y)] for the magnetic field inside them. The lat-
ter is determined by Ampe`re’s law, which in Gaussian
units reads
∂y B(x, y) =
4π
c
jx(x, y), −∂x B(x, y) =
4π
c
jy(x, y), (18)
where jx(x, y) and jy(x, y) are the components of the cur-
rent density induced by the applied field. The boundary
conditions to Eqs. (18) are
B(x,±w/2) = B, (19)
and B(±L/2, y) = B; the latter applies to the right and
left boundaries, respectively. Note that the boundary
L/2−L/2
S S
B B
B By
L  /2
x
w/2
−w/2
1
24
−L  /2
* *
3
FIG. S1: (Color online) Geometry of the system with a
symmetrically applied external magnetic field. Arrows show
the integration path in Eq. (23).
conditions (19) imply the spatial symmetry B(x,−y) =
B(x, y). Hence, the antisymmetric current density,
jx(x,−y) = −jx(x, y), vanishes in the middle of the su-
perconductor, i.e.
jx(x, 0) = 0. (20)
For a type-II superconductor with the local relation j ∝
∇ϕ between the current density and the gauge-invariant
phase gradient [10],
∇ϕ = ∇ϕ0 −
2π
Φ0
A, (21)
Eq. (20) implies
∂xϕ(x, 0) = 0. (22)
On the symmetry line y = 0 within each superconductor
the gauge-invariant phase ϕ(x, 0) remains constant and
is equal to ϕ(±L/2, 0).
In order to determine the gauge-invariant Josephson
phase difference we consider the line integral of Eq. (21)
over the closed path shown in Fig. S1:∮
∇ϕdl = 2πN − 2π
Φ/2
Φ0
, (23)
where N is the integer winding number of the order pa-
rameter phase ϕ0, ensuring the uniqueness of the wave
function, and we define the magnetic flux enclosed by the
integration path as Φ/2. The points x = ±L∗/2 must be
chosen away from the boundaries x = ±L/2, where their
influence on the current density is negligible, i.e. in the
region where jy(x, y) ∝ ∂yϕ(x, y) ≈ 0, and the integrals
over paths 2 and 4 vanish. In view of Eq. (22), the in-
tegral over path 1 is equal to the phase difference across
the junction, ϕ(L/2, 0) − ϕ(−L/2, 0) ≡ φ(0), while the
integration along path 3 yields the phase difference at the
edge, ϕ(−L∗/2, w/2)− ϕ(L∗/2, w/2) ≡ −φ(w/2). Sum-
ming up all the contributions, we find
φ(w/2) = φ(0) + π
Φ
Φ0
− 2πN. (24)
The same result with Φ → −Φ can be obtained for the
edge at y = −w/2.
We emphasize that the Josephson phase difference is
related to the magnetic flux Φ through the effective junc-
tion area L∗w which depends on the screening properties
of the leads. In the main text, we assume, for simplic-
ity, that the screening of the external magnetic field in
the leads can be neglected, which is the main approx-
imation in the small parameter w/(2λP ) ≪ 1, where
λP = 2λ
2
L/dS is the Pearl penetration depth. It is the
appropriate screening length for thin S films whose thick-
ness in the z-direction, dS , is much smaller than the Lon-
don penetration depth λL. For w/(2λP )≪ 1 both jy and
jx vanish in the main approximation, and we can use the
7linear vector potential A(y) = (−By, 0, 0) and choose
L∗ = L, which gives Φ = BLw. Also, since w is nor-
mally much larger than the transverse dimension of the
edge states, the vector potential acting on the supercon-
ducting edge states can be approximated by its boundary
value Ax(±w/2) ≈ ∓Bw/2 [c.f. Eq. (4) of main text].
Equation (24) proves the gauge invariance of the
Josephson phase difference in Eq. (11) of main text where
φ is a shorthand notation for φ(w/2). Furthermore, up to
the unobservable phase difference of 2πN , the constant
φ
0
in Eq. (11) of main text coincides with the gauge-
invariant phase difference in the middle of the junction,
φ(0). Since the magnetic flux determines only the differ-
ence between φ(w/2) and φ(0), the gauge-invariant pa-
rameter φ
0
= φ(0) can be fixed independently of Φ. In
our analysis, we choose φ
0
= φ(0) to maximize in the
gauge-invariant way the amplitude of the oscillatons of
the Josephson current in Eq. (15) of main text.
Fermion parity effects
The formula for the Josephson current, Eq. (5) of the
main text, does not consider a fixed number of particles
in the junction. Our results can be easily extended to
consider the situation where the number of particles in
the system is fixed and the ground-state fermion parity
is conserved. Following Ref. 8, the supercurrent at the
upper and lower edges of this special junction is given by
Ju,l± =
2e
~
∂
∂φ0
Fu,l± , (25)
with the free energies
Fu,l0 =
−1
kBT
∞∑
n=0
lnD(φ0, B, ǫ)|ǫ=iωn , (26)
Fu,lσ = F
u,l
0 −
1
kBT
ln
1
2
[
1 + σ(B)eJS
√
D(φ0, B, ǫ = 0)
× exp
(
∞∑
m=1
(−1)m D(φ0, B, ǫ)|ǫ=iΩm
)]
, (27)
where Ωm = mπkBT are the bosonic Matsubara frequen-
cies, and the functionD(φ0, B, ǫ) is given by Eqs. (6) and
(7) of main text. The B-field dependence is caused by
the coupling of the quasiparticles to the condensate flow
characterized by the momentum pS , Eq. (4) of main text.
Including this effect, the ground-state fermion parity is
σ(B) = sgn

2
√
1−
(
vpS(B)
2∆
)2
cos
(
φ(B)
2
)
−
vpS(B)
∆
sin
(
φ(B)
2
)}
, (28)
where φ = φ0 + πΦ/Φ0 is the Josephson phase difference
in a magnetic field. We set σ = 1 when φ = 0−kS(B)L to
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FIG. S2: Parity-dependent current-phase relation for a long
junction with the same parameters as in Fig. 2 of main text
at T = 200 mK.
solve the sign ambiguity. At the upper and lower edges,
the parity-dependent supercurrent Ju,lp changes from J
u,l
+
to Ju,l− at φ = π ∓ kS(B)L. Similarly to the junction
without parity constraints, the currents at the edges are
related by J lp(φ0, B) = J
u
p (φ0,−B). The net Joseph-
son current is thus given by Jp(φ0, B) = J
u
p (φ0, B) +
J lp(φ0, B). We focus on the long-junction case in which
the lead-dependent factor eJS ∼ 1 (see Ref. 8 for more
details).
In Fig. S2 we plot the parity-dependent current as
a function of the phase difference for the same junction
parameters as in Fig. 2 of main text. The result looks
similar to that in Fig. 2 of main text, but the period and
amplitude of the current-phase relationship are doubled
in agreement with Ref. 8. Consequently, the value of the
phase φ0,max locked to the maximum zero-field current
is also doubled.
In Fig. S3 we show the flux dependence of the parity-
preserving supercurrent. The results are qualitatively
similar to those in Fig. 3b of main text, where no
fermion-parity constraints were imposed, but with the
period of the interference pattern equal to 4Φ0 instead
of 2Φ0, a direct consequence of the 4π-periodicity of the
zero-field current.
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FIG. S3: Parity-dependent supercurrent Jm versus magnetic
flux for a long junction with the same parameters as in Fig.
3 of main text at T = 200 mK.
